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Overview

@ Sven's talk: tmf, the circularity in the literature, filtered homotopy
groups and the 7-formalism.
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Overview

@ Sven's talk: tmf, the circularity in the literature, filtered homotopy
groups and the 7-formalism.

o Jack’s talk: the page-by-page computation of the descent spectral
sequence of Tmf.

o My talk: survey the tools that filtered/synthetic homotopy theory
gives you to help compute a spectral sequence.
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Tool 1: The 7-formalism and bigraded homotopy groups

@ Slogan: a filtered spectrum X determines a spectral sequence, and
the Z[7]-module 7, . X carries the data of the spectral sequence and
extensions.
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Tool 1: The 7-formalism and bigraded homotopy groups

@ Slogan: a filtered spectrum X determines a spectral sequence, and
the Z[7]-module 7, . X carries the data of the spectral sequence and
extensions.

o mhsX =mpX™ % and |7| = (0,—1)
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Tool 1: The 7-formalism and bigraded homotopy groups

@ Slogan: a filtered spectrum X determines a spectral sequence, and
the Z[7]-module 7, . X carries the data of the spectral sequence and
extensions.

grX

o mhsX =mpX™ % and |7| = (0,—1)
Associated graded Filtration Abutment

X/T < T X sy 771X
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Tool 1: The 7-formalism and bigraded homotopy groups

Theorem (Omnibus theorem, Burklund—Hahn—Senger)
o £ =m . (X/T)
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Tool 1: The 7-formalism and bigraded homotopy groups

Theorem (Omnibus theorem, Burklund—Hahn—Senger)
o £ =m . (X/T)

@ Permanent cycles correspond to classes lifting along
T x X N T s (X/T)

o Differentials correspond to T-power torsion in Ty + X

o Extensions are encoded in T relations, e.g.

xy =71z

with r > 0 and 7(x),w(y), 7(z) # 0.
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Example: The Adams—Novikov spectral sequence

o |1} =1(0,0), [n| = (1,1),
vl =(3,1)
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Example: The Adams—Novikov spectral sequence

o |1} =1(0,0), [n| = (1,1),
vl =(3,1)

o mo . = Z[T{1}
o 1. = Fa[r]{n}
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Example: The Adams—Novikov spectral sequence

o |1} =1(0,0), [n| = (1,1),
vl =(3,1)

o mo . = Z[T{1}
o 1. = Fa[r]{n}
o T = Fo[r){n’}
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Example: The Adams—Novikov spectral sequence

o |1} =1(0,0), [n| = (1,1),

vl =(3.1) N
o mo . = Z[T{1} .
° 7T1,* = ]FQ[T]{H} 16;
o ma. = Falrl{n?} -
® T3, = ]FQ[T]{(Z%?_ZZ,%T]{V} 194
87
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Example: The Adams—Novikov spectral sequence

o |1} =1(0,0), [n| = (1,1),

vl =(3,1) N
o 7o, = Z[7]{1} .
o m . =Fofr]{n} .
o m,. = Fo[r]{n?} -
o M3, = FQ[T]{(Q?_Z‘{%T]{V} ]
o m. = Falr{n*}/(v*n*)
8 —
4 - \
I\’ D3
0] &7
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Example: The Adams—Novikov spectral sequence

o The vanishing line y = x in ANSS(S) = 7%* = 0.
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Example: The Adams—Novikov spectral sequence

o The vanishing line y = x in ANSS(S) = 7%* = 0.
@ This is not clear in DSS( Tmf).
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Example: The Adams—Novikov spectral sequence

o The vanishing line y = x in ANSS(S) = 7%* = 0.
@ This is not clear in DSS( Tmf).

A AT Ug&%ﬁf RIS RerR ISURIH0% SoekiBEEH Rl
Yhall il PR DR 2T Al Al e
A e IESSEISP8E" ;qh RRIIEARR |
ol AT T %é@ﬂ{ﬂ GINRIER R0 02 Saak el
‘ Loal Al LRSS I ‘ \\‘/M\\

SERER958= L RIS BO6S (ESE gy RPN ASRR ARSI G il
NERRE I(RISR (WD P2 censl ISRANRRRRR 0% S AR RERI ISR Ve =
i sl Tt Soadaii
U er gy LA e LT e
T ST ﬁ”//@z%\/jﬁ pEaT
8 B aathi e e R I

Figure: Es-page of DSS(Tmf)
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Tool 2: Designer spectral sequences and maps between

them

@ Slogan: by taking limits and colimits in Fil(Sp), we can work with
spectral sequences as homotopy-theoretic objects.
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spectral sequences as homotopy-theoretic objects.
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Tool 2: Designer spectral sequences and maps between

them

@ Slogan: by taking limits and colimits in Fil(Sp), we can work with
spectral sequences as homotopy-theoretic objects.

@ Upshot: we can build good spectral sequences by taking limits and
colimits.

@ Modding out by 7 commutes with all limits and colimits.

o Inverting 7 commutes with all colimits.
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Example: Designer SS for S/772

@ Want to compute

2
s nS2 L ors ﬂ*(S/nz) — e 1S? — -
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Example: Designer SS for S/772

@ Want to compute

2
s nS2 L ors w*(S/n2) — e 1S? — -

o ldeally, we would have

2
y 1,82 — 1 & 1.8 5 7'('*(8/7’]2) —_— ..
T 1 0
o —— 322, T L F, > 7 ;
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Example: Designer SS for S/n2

@ Want to compute

2 7’ 2 2
= ST = TS = e (S/n7) = 1St — -
o ldeally, we would have

,,72

> TS > e s T (S/n?) —— -
Ly y22E T 5 7

e But, MU.(S/n?) = MU, & £3MU,, so

E, — ANSS(S/n?) = E» — ANSS(S) @ ¥3°E, — ANSS(S)
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Example: Designer SS for S/n?

@ Want to compute

2
TSt s w*(S/nz) — e 1S? — -

o ldeally, we would have

2
y 1,82 — 1 & 1.8 5 7'('*(8/7’]2) —_— ..
Ly, "L, > 7 oo

e But, MU.(S/n?) = MU, & £3MU,, so
E, — ANSS(S/n?) = E» — ANSS(S) @ ¥3°E, — ANSS(S)

o Better, take 72 € m2ANSS(S) and form ANSS(S)/n2.
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Example: Synthetic modular forms

@ There is a map ANSS(S) — ANSS(Tmf), but E, — ANSS(Tmf) is
bad.
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Example: Synthetic modular forms

@ There is a map ANSS(S) — ANSS(Tmf), but E, — ANSS(Tmf) is
bad.

o £, — DSS(Tmf) is better
o Tmf = I'@i A;, for A; elliptic cohomology theories.
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Example: Synthetic modular forms

@ There is a map ANSS(S) — ANSS(Tmf), but E, — ANSS(Tmf) is
bad.

o £, — DSS(Tmf) is better
o Tmf = I'@i A;, for A; elliptic cohomology theories.
@ We have natural maps of E..-algebras ANSS(S) — ANSS(A)).
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Example: Synthetic modular forms

@ There is a map ANSS(S) — ANSS(Tmf), but E, — ANSS(Tmf) is
bad.

o £, — DSS(Tmf) is better
o Tmf = I'@i A;, for A; elliptic cohomology theories.
@ We have natural maps of E..-algebras ANSS(S) — ANSS(A)).

@ This defines a map of E.-algebras
ANSS(S) — lim, ANSS(A;) = Smf, and Smf implements DSS(Tmf)
(CDvN).
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Example: Synthetic modular forms

o Upshot: 7273 = 4v and 72n* = 0 on the nose in 7, .Smf.
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Example: Synthetic modular forms

o Upshot: 7273 = 4v and 72n* = 0 on the nose in 7, .Smf.

204

164

12

Figure: ANSS of Sy through degree 4 Figure: DSS(Tmf)
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Tool 3: Detection methods

o Slogan: Greek-letter detection techniques work for any MU-synthetic
spectrum, even without a good cobar complex.
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o Slogan: Greek-letter detection techniques work for any MU-synthetic
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The map ANSS(S) — ANSS(ko) sends n € m1,1ANSS(S)/7 to a nonzero
class in w1 1ANSS(ko) /.
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Tool 3: Detection methods

o Slogan: Greek-letter detection techniques work for any MU-synthetic
spectrum, even without a good cobar complex.

The map ANSS(S) — ANSS(ko) sends n € m1,1ANSS(S)/7 to a nonzero
class in w1 1ANSS(ko) /.

\ NN
2\
] /N A
AT A \
6 4‘1 é 1‘2 1‘6 2‘0
Figure: ANSS of Sy through degree 4 Figure: ANSS of ko
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Example: detecting 1 in ANSS(ko).

The map ANSS(S) — ANSS(ko) sends n € m1,1ANSS(S)/7 to a nonzero
class in w1 1ANSS(ko) /.
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Example: detecting 1 in ANSS(ko).

The map ANSS(S) — ANSS(ko) sends n € m1,1ANSS(S)/7 to a nonzero
class in w1 1ANSS(ko) /.

e 2n=0,son=20(wn1)

s 1S — et 1(S/2) 9, TS 2, TS — - -
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Example: detecting 1 in ANSS(ko).

The map ANSS(S) — ANSS(ko) sends n € m1,1ANSS(S)/7 to a nonzero
class in w1 1ANSS(ko) /.

e 2n=0,son=20(wn1)

o= 1S = Ty 1(S/2) 9, TS 2, TS — - -

M, =0
ANSS(S)/T —— ANSS(ko)/T —— ANSS(ku)/T
|
|

__\ T o /9¢0
l /(2,7) —— ANSS(ko)/(2,7) —— ANSS(ku)/(2,7)

2 2
v ZANSS(S)/T — & YANSS(ko)/T —— YANSS(ku)/T
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Tool 3: Detection methods

@ We didn't need a cobar complex for ko!
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Tool 3: Detection methods

@ We didn't need a cobar complex for ko!

@ Using the Eo.,-map ANSS(S) — Smf, we can repeat this argument.
Using that Smf is a module over ANSS(S), we can generalize this to
Miller—Ravenel-Wilson higher Greek letter families.

S/(20, vt vy L sy s

Christian Carrick Filtered Techniques February 2, 2026 13 /31



Tool 4: Total differentials

o Slogan: the total differential turns hidden extensions into stretched
differentials.
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Tool 4: Total differentials

@ Slogan: the total differential turns hidden extensions into stretched
differentials.

Definition

The boundary map in the cofiber sequence
T ™ 600 —
¥OIx L x 5o x/r 2 ¥ X

is called the total differential of X.
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Tool 4: Total differentials

@ Slogan: the total differential turns hidden extensions into stretched
differentials.

Definition

The boundary map in the cofiber sequence
T ™ 600 —
¥OIx L x 5o x/r 2 ¥ X

is called the total differential of X.

0 6°(x) =72y = da(x) = = dp_1(x) = 0 and dn(x) = 7(y).
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Tool 4: Total differentials

@ Slogan: the total differential turns hidden extensions into stretched
differentials.

Definition

The boundary map in the cofiber sequence
T ™ 600 —
¥OIx L x 5o x/r 2 ¥ X

is called the total differential of X.

0 6°(x) =72y = da(x) = = dp_1(x) = 0 and dn(x) = 7(y).

T, X1 T X0 T X1 T ...

1NN l
oo N
0 T~

groX

~
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Example: Linearity of the total differential and ds(A)

o ds(A) = vk in DSS(Tmf)

7

st
|

S

|
)
T

20 24
Figure: DSS(Tmf)
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Example: Linearity of the total differential and ds(A)

o ds(A) = vk in DSS(Tmf) )
o 6°(A) = viRT3 ///:7

st
|

G

K |

al
1

20 24

Figure: DSS(Tmf)
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Example: Linearity of the total differential and ds(A)

o ds(A) = vk in DSS(Tmf) )
o 6°(A) = viRT3 ///:7

\
o dv =13 — S A
” |

P
5]?0(4A) = 4]//2;7-3 — 773/%7'5 /@% |
|
[ ALL
I

20 24
Figure: DSS(Tmf)
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Example: Linearity of the total differential and ds(A)

o ds(A) = vk in DSS(Tmf)
o 6°(A) = viRT3

0 4v = 7'2773 -
6°(44) = vkt = nPRT°

o d;(4A) = k.

Christian Carrick Filtered Techniques
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Tool 5: Working mod 7"

@ Slogan: the filtered spectrum X /7" terminates the spectral sequence
on the E,;1-page in a homotopy coherent way.
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@ Problem: we would like to use information from Ej, ..., Es to deduce
a d7. But the spectral sequence only gives us information mod higher
filtration.
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Tool 5: Working mod 7"

@ Slogan: the filtered spectrum X /7" terminates the spectral sequence
on the E,;1-page in a homotopy coherent way.

@ Problem: we would like to use information from Ej, ..., Es to deduce
a d7. But the spectral sequence only gives us information mod higher
filtration.

@ So we have to go to the end of the spectral sequence to know:

o If a class x is a permanent cycle, i.e. if it admits a lift to 7, X along 7.
o If a relation like viT* = 0 (<= 6°(A) = vi73) holds on the nose.
o If a hidden extension xy = 7"z holds on the nose.

@ Solution: artificially force these to hold by replacing 7, . X with
T s (X /7).
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Tool 5: Working mod 7"

@ Slogan: the filtered spectrum X /7" terminates the spectral sequence
on the E,;1-page in a homotopy coherent way.

@ Problem: we would like to use information from Ej, ..., Es to deduce
a d7. But the spectral sequence only gives us information mod higher
filtration.

@ So we have to go to the end of the spectral sequence to know:

o If a class x is a permanent cycle, i.e. if it admits a lift to 7, X along 7.
o If a relation like viT* = 0 (<= 6°(A) = vi73) holds on the nose.
o If a hidden extension xy = 7"z holds on the nose.

@ Solution: artificially force these to hold by replacing 7, . X with
T s (X /7).
o Purely filtered technique: 771(X/7") = 0.
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Tool 5: Working mod 7"

Theorem (CDvN, Truncated omnibus theorem)

The bigraded homotopy groups ., (X /T") encode the data of the
spectral sequence corresponding to X terminated on E, 1 with filtrations
truncated to length < n. (i.e. we set E,1 = E and truncate filtrations).
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Tool 5: Working mod 7"

Theorem (CDvN, Truncated omnibus theorem)

The bigraded homotopy groups ., (X /T") encode the data of the
spectral sequence corresponding to X terminated on E, 1 with filtrations
truncated to length < n. (i.e. we set E,1 = E and truncate filtrations).

@ More subtle than ordinary Omnibus (e.g. due to the Toda brackets
(x, 7", 7"} for xT" = 0)
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Example: Truncated total differentials and d7(4A)

o We claimed that 67°(A) =
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Example: Truncated total differentials and d7(4A)

Definition

For m > n, the boundary map in the cofiber sequence
0,—n m—n 1" m n o0 1,—n—1 m—n
X /T — X/t = X/T" 5 LV X/t

is called the truncated total differential of X.
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0 d<p(x) =0 = x lifts to m, (X /7").
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Example: Truncated total differentials and d7(4A)

Definition

For m > n, the boundary map in the cofiber sequence
0,—n m—n 1" m n o0 1,—n—1 m—n
X /T — X/t = X/T" 5 LV X/t

is called the truncated total differential of X.

0 d<p(x) =0 = x lifts to m, (X /7").

@ J"(x) knows about dpy1,...,dnm on x.
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Example: Truncated total differentials and d7(4A)

Definition
For m > n, the boundary map in the cofiber sequence
0,—n m—n T" m n o 1,—n—1 m—n
X /T — X/t = X/T" 5 LV X/t

is called the truncated total differential of X.

0 d<p(x) =0 = x lifts to m, (X /7").
@ 0(x) knows about dpy1,...,dm on x.

o i (x)="1"yforr+n<m = drypy1(x) =7(y)
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Example: Truncated total differentials and d7(4A)

o ds(A) = vk = 03*(A) = vE.
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Example: Truncated total differentials and d7(4A)

o ds(A) = vk = 03*(A) = vE.
o 5i4(4A) = dvi = n3kT?
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Example: Truncated total differentials and d7(4A)

o ds(A) = vk = 03*(A) = vE.
o 5i4(4A) = dvi = n3kT?
4 d7(4A) = 773/;‘,.
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Tool 6: The generalized Leibniz rule

@ Slogan: the Leibniz rule on d, can be extended to one that sees
dm dn+17 EERR d2n—2-
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Tool 6: The generalized Leibniz rule

@ Slogan: the Leibniz rule on d, can be extended to one that sees
dm dn+17 EERR d2n—2-

The tower

1= =1/ 1/ s 517

refines to one of B -algebras in Fil(Sp).
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Tool 6: The generalized Leibniz rule

@ Slogan: the Leibniz rule on d, can be extended to one that sees
dm dn+17 EERR d2n—2-

The tower

1= =1/ 1/ s 517

refines to one of B -algebras in Fil(Sp).

Theorem (Burklund)

The map 1/72" — 1/7" is a square-zero extension of E,-rings.

@ Upshot: For R a filtered ring spectrum, the map
62" e o(R/T") = Tuu(ZVT"IR/TT)

is a 7, «(R/72")-linear derivation.
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Example: d7(A*)

o 534 (A) =vik = 08(A) =vEk
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o 534 (A) =vik = 08(A) =vEk
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Example: d7(A*)

o 534 (A) =vik = 08(A) =vEk
o 58(A*) =4A3 . vk = A3p3RT?
o d7(A%) = A3k
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Example: d;(A*)

@ Not a stretched differential!

o

il
b
/&/.
)

Figure: d7(A*) in DSS(Tmf)

A\
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Example: d7(A*)

@ Not a stretched differential!
0 4 N3k = A3Rn3r% ¢

Tu «(Smf /7*) is a temporary %\ﬂ{

equation (hidden extension).

92 96
Figure: d7(A*) in DSS(Tmf)
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Example: d7(A*)

@ Not a stretched differential!
0 4 N3k = A3Rn3r% ¢

Tu «(Smf /7*) is a temporary %\ﬂ{

equation (hidden extension).

@ We need to be late enough to
see this extension (Smf /73),
but early enough that it hasn't
disappeared (Smf /7°).

Figure: d7(A*) in DSS(Tmf)
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Tool 7: Synthetic and temporary Toda brackets

@ Slogan: synthetic Toda brackets turn differentials into hidden
extensions, and we can do these temporarily.
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@ Slogan: synthetic Toda brackets turn differentials into hidden
extensions, and we can do these temporarily.
o For simplicity, we will restrict to 3-fold Toda brackets today.
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Tool 7: Synthetic and temporary Toda brackets

@ Slogan: synthetic Toda brackets turn differentials into hidden
extensions, and we can do these temporarily.

o For simplicity, we will restrict to 3-fold Toda brackets today.

o Fix an E-algebra R and x,y,z € m.R with xy = yz = 0.
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Tool 7: Synthetic and temporary Toda brackets

@ Slogan: synthetic Toda brackets turn differentials into hidden
extensions, and we can do these temporarily.

o For simplicity, we will restrict to 3-fold Toda brackets today.

o Fix an E-algebra R and x,y,z € m.R with xy = yz = 0.

@ Suppressing degrees, one may produce diagrams

R—*— R R—2— R
//X //7(

l - Hy l 7 Hy

R/y R/y
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Tool 7: Synthetic and temporary Toda brackets

@ Slogan: synthetic Toda brackets turn differentials into hidden
extensions, and we can do these temporarily.

o For simplicity, we will restrict to 3-fold Toda brackets today.
o Fix an E-algebra R and x,y,z € m.R with xy = yz = 0.
@ Suppressing degrees, one may produce diagrams

R—*— R R—2— R
//Z //7(
l - Hy l 7 Hy
R/y R/y

@ The set (x,y,z) C m«R consists of composites of the form

Dg(H>)

R 22 Ry M,
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Tool 7: Synthetic and temporary Toda brackets

@ Slogan: synthetic Toda brackets turn differentials into hidden
extensions, and we can do these temporarily.

For simplicity, we will restrict to 3-fold Toda brackets today.

Fix an E-algebra R and x,y,z € m.R with xy = yz =0.

Suppressing degrees, one may produce diagrams

R—*— R R—2— R

A A
l /’/ Hy l /// H>

R/y R/y

The set (x,y,z) C m«R consists of composites of the form

Dg(H>)

R 2L Ry

o Upshot: this construction makes sense in Fil(Sp), and the maps of
Eoc-algebras R — R/7" and R — 77!R preserve Toda brackets.
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Example: hidden extension on 2vA.

o 2UA lifts to Smf /712 | T

H

nA
A ==
T wAB
T I T T T '
24 28

Figure: Es-page of DSS(Tmf)
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Example: hidden extension on 2vA.

o 2vA lifts to Smf /712 | L7
o k-7 =0 € m. .(Smf/71?) 1//%)7
nA
=
b 2w\ 2
T | T T T '
24 28

Figure: Es-page of DSS(Tmf)
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Example: hidden extension on 2vA.

o 2UA lifts to Smf /712 | L7

o k-7 =0 € m. .(Smf/71?) 1//%/)7

o 2vA = (R, 7%, 2v) /7

nA

A\\ o7

b 2w\ 2

T I T T T '

24 28

Figure: Es-page of DSS(Tmf)
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Example: hidden extension on 2vA.

2uA lifts to Smf /712 | L7
R0 =0 € W (Smf/712) 1 /%/
2UA = (R, 7%, 2v) /7
2UA - = (R, T*,2v)n =

R(t*v,2v,m) = R4 (v, 2v,m) =

N

T4Fe ’nA
s\ Vb
i wA 2
T I T T T '
24 28

Figure: Es-page of DSS(Tmf)
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Tool 8: Synthetic Moss's theorem

@ Slogan: synthetic Toda brackets give a clean formalism to see the
relationship between Toda brackets and Massey products formed in a
spectral sequence.
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Tool 8: Synthetic Moss's theorem

@ Slogan: synthetic Toda brackets give a clean formalism to see the
relationship between Toda brackets and Massey products formed in a
spectral sequence.

X/t +— X — 771X

Example (Easy Moss)

Since 7 : R — R/7 is a map of E.-rings, we have a containment
m((x,y,2)) C (7(x), 7(y), 7(2)).
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Tool 8: Synthetic Moss's theorem

@ Slogan: synthetic Toda brackets give a clean formalism to see the
relationship between Toda brackets and Massey products formed in a
spectral sequence.

X/t +— X — 771X

Example (Easy Moss)

Since 7 : R — R/7 is a map of E.-rings, we have a containment
m((x,y,2)) C (7(x), 7(y), 7(2)).

oeg v-2v=2v-1=0¢€m,(Smf/T), and € = (v,2v,n)
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Example: 3-fold Moss theorem

Theorem (CDvN)
Let x,y,z € e xR with 7"xy = 7°yz =0 for r > s > 0 minimal.

o Ifs>0, let d,+1(Ho) = m(xy) and ds11(H1) = w(zy). Then
(x,7"y,z) C my xR contains a lift of

7" °xHy £ Hoz € my xR/ T°

o Ifr>s=0, (x,7"y, z) contains a lift of Hyz.

o r=s5=0 is Easy Moss.

A\
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Example: 3-fold Moss theorem

Theorem (CDvN)
Let x,y,z € e xR with 7"xy = 7°yz =0 for r > s > 0 minimal.

o Ifs>0, let d,+1(Ho) = m(xy) and ds11(H1) = w(zy). Then
(x,7"y,z) C my xR contains a lift of

7" °xHy £ Hoz € my xR/ T°

o Ifr>s=0, (x,7"y, z) contains a lift of Hyz.

o r=s5=0 is Easy Moss.

A\

o ds(A) = vk = 2vA € (R, 7%, 2v) C m, «(Smf/7'?), where

s=0,r=4Hy=Ax=kK,y=v,z=2v
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Comments on Moss's theorem

@ Moss's theorem usually has delicate conditions on the existence of
crossing differentials.
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Comments on Moss's theorem

@ Moss's theorem usually has delicate conditions on the existence of
crossing differentials.

@ These don’t appear in our formulation because we assume we have
classes x, y,z with 7"xy = 7°yz = 0, and these crossing differentials
conditions guarantee the existence of lifts of 7(x), w(y), 7(2)
satisfying these relations.
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Comments on Moss's theorem

@ Moss's theorem usually has delicate conditions on the existence of
crossing differentials.

@ These don’t appear in our formulation because we assume we have
classes x, y,z with 7"xy = 7°yz = 0, and these crossing differentials
conditions guarantee the existence of lifts of 7(x), w(y), 7(2)
satisfying these relations.

@ We can get around this by using on-the-nose relations from ANSS(S)
or by working mod a power of 7 that forces these relations to hold.
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Figure: DSS(Tmf)

Quick Summary



Tool 1: The 7-formalism and bigraded homotopy groups
Tool 2: Designer spectral sequences and maps between them
Tool 3: Detection methods

Tool 4: Total differentials

Tool 5: Working mod 7"

Tool 6: The generalized Leibniz rule

Tool 7: Synthetic and temporary Toda brackets

Tool 8: Synthetic Moss's theorem
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Thank you for your attention
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