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The goal of this seminar is to understand some fundamental computational tools in stable motivic
homotopy theory. We will begin by constructing the unstable and stable motivic homotopy categories.
For our first computation, we will explore Morel’s computation of π0 of the motivic sphere spectrum as
the Grothendieck-Witt ring. We then move to Adams spectral sequences, exploring C and R-motivic
stable homotopy through the relevant dual Steenrod algebra computations and the recent deformation
perspectives on these homotopy theories. We finish by exploring the connections between R-motivic
stable homotopy and C2-equivariant stable homotopy, as well as rephrasing some of the deformation
results in terms of Pstragowski’s synthetic spectra.

Talk 1. Unstable Motivic Homotopy, Part 1
Motivation: classifying algebraic vector bundles, Weil conjectures. Construction of the A1-homotopy
category and basic examples: sheaf of A1-connected components, bigraded spheres.

Sources: [Antieau-Elmanto] sections 2-4, [Dugger] part 1

Talk 2. Unstable Motivic Homotopy, Part 2
Survey of examples in unstable motivic homotopy. Classifying spaces, algebraic K-theory, Purity, clas-
sification of vector bundles.

Sources: [Antieau-Elmanto] sections 4-9

Talk 3. Stable Motivic Homotopy
Construct the motivic stable homotopy category, go thru examples: HZ, MGL, KGL, the slice filtration.

Sources: [Dundas] Part 3

Talk 4. Stable π0 is the Grothendieck-Witt Ring
Prove that π0 of the motivic sphere spectrum is the Grothendieck-Witt Ring.

Sources: [Morel], [Bachmann-Østvaer]

Talk 5. C-Motivic Stable Homotopy
Calculate the C-motivic homology of a point and dual Steenrod algebra. Discuss the characterization of
C-motivic homotopy as a deformation of classical stable homotopy with parameter τ.

Sources: [Voe1], [Voe2], [GWX], [GIKR]

Talk 6. R-Motivic Stable Homotopy
Calculate the R-motivic homology of a point and dual Steenrod algebra. Discuss the characterization of
R-motivic homotopy as a deformation of classical stable homotopy with parameter ρ.

Sources: [Voe1], [Voe2], [Behrens-Shah]
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Talk 7. C2-Equivariant Dual Steenrod Algebra
Go through computation of the C2-equivariant homology of a point and dual Steenrod algebra. Discuss
aσ and the exact sequence relating it to RO(C2)-graded Mackey functor structure.

Sources: [Greenlees],[Wilson],[Hu-Kriz]

Talk 8. R-Motivic Homotopy and C2-equivariant Homotopy

Construct the Betti realization functor from the R-motivic stable homotopy category to the C2-equivariant
stable homotopy category. Explain how this realizes the corresponding maps on dual Steenrod algebras
and Adams spectral sequences and carry out some example computations

Sources: [Behrens-Shah], [Heller-Ormsby], [Burklund-Hahn-Senger]

Talk 9. Bredon-Landweber region in C2-equivariant homotopy
Bruner-Greenlees reformulation of Mahowald invariant. Computations in Guillou-Isaksen

Sources: [Bruner-Greenlees], [Guillou-Isaksen]

Talk 10. Synthetic Spectra

Revisit the deformation discussions from Talks 5 and 6 in terms of Pstragowski’s synthetic spectra.
BP-synthetic spectra = C-motivic spectra. HF2-synthetic spectra.

Sources: [Pstragowski], [Burklund]
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